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Abstract. We prove a version of Yau's Schwarz Lemma for general 
almost-complex manifolds equipped with almost-Hermitian metrics. This 
requires an extension to this setting of the Laplacian comparison theo- 
rem. As an application we show that the product of two almost-complex 
manifolds does not admit any complete almost-Hermitian metric with 
bisectional curvature bounded between two negative constants that sat- 
isfies some additional assumptions. 



1. Introduction 

The classical Schwarz-Pick lemma says that a holomorphic map from the 
unit disc in the complex plane into itself decreases the Poincare metric. This 
was later extended by Ahlfors [S] to maps from the disc into a hyperbolic 
Riemann surface, and by Chern |Chj and Lu [Luj to allow more general 
domains and targets. A major advance was Yau's Schwarz Lemma |Ya2] . 
which says that a holomorphic map from a complete Kahler manifold with 
Ricci curvature bounded below into a Hermitian manifold with holomorphic 
bisectional curvature bounded above by a negative constant, is distance de- 
creasing up to a constant depending only on these bounds. This proved to 
be extremely useful in differential geometry and complex analysis (see for 
example [LSY] ) . Later generalizations of this result were mainly in two di- 
rections: relaxing the curvature hypothesis or the Kahler assumption (see 
[R] , |Cn| , ^H2_] ) or proving similar results for harmonic maps of Riemannian 
manifolds pHl] . 

Here we take a different direction and generalize Yau's Schwarz Lemma to 
the case when the complex structures are not integrable. Recently there has 
been a lot of interest on geometric and analytic aspects of almost-complex 
manifolds ( |IR] . |T WYj ) . also in relation with symplectic geometry ([D]. 
[W]) and complex analysis |CGS| . Our setting is as follows: suppose we are 
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given two almost-complex manifolds M and M, equipped with Riemann- 
ian metrics compatible with the almost complex structures (we call such 
data an almost-Hermitian manifold). A map from M to M is said to be 
almost-complex or holomorphic, if its differential intertwines the two almost- 
complex structures. On any almost-Hermitian manifold there is a preferred 
choice of connection, the so-called canonical connection, that generalizes the 
Chern connection in the integrable case. In general it is different from the 
Levi-Civita connection, so it has nontrivial torsion, but is more suited for 
analytic questions [TWY] . Prom now on, all geometric quantities (Ricci and 
bisectional curvature, torsion, etc.) will be the ones of the canonical connec- 
tion. With this setup, we have the following Schwarz Lemma (see Section 2 
for notation): 

Theorem 1.1. Let {M'^^,J,g) be a complete almost-Hermitian manifold 
with second Ricci curvature bounded from below by —Ki, and with torsion 
and (2,0) part of the curvature bounded. Let {M'^^,J,g) be an almost- 
Hermitian manifold with bisectional curvature bounded from above by —K2, 
K2 > 0. If f : M ^ M is a non- constant almost- complex map, then we 
must have Ki > and 

f 9< -rrg- 

In particular if K\ < then any almost- complex map is constant. 

Corollary 1.1. Let {M'^^,J,g) be a complete almost-Hermitian manifold 
with non-negative second Ricci curvature and with torsion and (2, 0) part 
of the curvature bounded. Then M doesn't admit any non- constant bounded 
J— holomorphic function / : M — > C. 

Notice that when M is compact the assumptions of bounded torsion and 
(2, 0) part of the curvature are automatically satisfied. Also, while almost- 
complex maps between Kahler manifolds are always harmonic [Li], this is 
no longer true for general almost-complex manifolds (see (9.11) in [EL] ) , so 
that the results of [GHlj don't apply in our situation. 

Next we assume that M and M have the same dimension. A map / : 
M ^ M is called non- degenerate if f*dVg is a volume form on M, and 
totally degenerate if f*dVg vanishes identically. Then we have the following 
Schwarz Lemma for the volume forms: 

Theorem 1.2. Let {M'^'^,J,g) be a complete almost-Hermitian manifold 
with second Ricci curvature bounded from below, with torsion and (2, 0) part 
of the curvature bounded, and with scalar curvature bounded from below by 
—uKi. Let (M^", J, g) be an almost-Hermitian manifold of the same dimen- 
sion 2n with first Ricci curvature bounded from above by —K2, K2 > 0. // 
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f : M ^ M is a non- degenerate almost- complex map, then we must have 
Ki > and 



In particular if Ki < then any almost- complex map is totally degenerate. 

As an application of the Schwarz Lemma, we study the geometry of the 
product of two (nontrivial) almost-complex manifolds. A classical theorem 
of Preissman implies that a compact Riemannian manifold with negative 
sectional curvature cannot be topologically a product manifold. For Kahler 
manifolds the notion of bisectional curvature is more natural, and it's easy 
to see that a compact Kahler manifold with negative bisectional curvature 
cannot be the product of two nontrivial complex manifolds (this is because 
the negativity of the curvature implies that the cotangent bundle is ample). 
When the two factors are allowed to be noncompact, there are similar results 
due to Yang, Zheng and Seshadri ( [Ynj . [Z] . [Se]). In |SZ| it is proved that 
the product of two complex manifolds doesn't admit any complete Hermitian 
metric with bounded torsion and bisectional curvature bounded between two 
negative constants. It is natural to expect that such a result should hold in 
the almost-complex case, and this is precisely what we prove. 

Theorem 1.3. Let M = X x Y be the product of two almost- complex man- 
ifolds of positive dimensions. Then M doesn't admit any complete almost- 
Hermitian metric with torsion and (2, 0) part of the curvature bounded and 
with bisectional curvature bounded between two negative constants. 

Corollary 1.2. The product of two compact nontrivial almost- complex man- 
ifolds doesn't admit any almost- Hermitian metric with negative bisectional 
curvature. 

Let us stress that here the bisectional curvature is the one of the canonical 
connection, and in general is different from the one of the Levi-Civita con- 
nection (as defined in [Grj for example). Nevertheless, this curvature is more 
natural on almost-Hermitian manifolds (see the discussion after Lemma [3.2p . 

The proof of the Schwarz Lemma employs Cartan's formalism of moving 
frames and the canonical connection, as in [TWYj . To deal with the case 
of noncompact manifolds, we generalize Yau's maximum principle |Yal] to 
our situation. The proof of this requires a suitable Laplacian comparison 
theorem for almost-Hermitian manifolds. This is the key technical tool and 
is proved along the lines of the classical Laplacian comparison, but using local 
holomorphic discs instead of complex coordinates that are not available, and 
keeping carefully track of the torsion. The proof of Theorem 11.31 follows the 
argument in |SZj . once the Schwarz Lemma and the maximum principle hold. 
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The paper is organized as follows: in section 2, we give some background 
on almost-Hermitian metrics and the canonical connection. In section 3, we 
study the Laplacian of the canonical connection. In section 4, we prove the 
Laplacian comparison theorem and the maximum principle. In section 5, 
we give a proof of Theorems 11.11 and 11.21 Finally, Theorem 11.31 is proved in 
section 6. 

Acknowledgements. First of all I would like to thank my thesis advisor 
Professor S.-T. Yau for suggesting this problem, sharing his ideas with me 
and for his constant support. I would also like to thank Ben Weinkove for 
many useful discussions and for reading an earlier version of this paper, and 
Harish Seshadri for suggesting this generalization of his results. 

2. Almost-Hermitian manifolds and the canonical connection 

In this section we give some background on almost-Hermitian manifolds, 
the canonical connection and its torsion and curvature. Some of the exposi- 
tion follows [TWY] . section 2. 

Let (M, J, g) be an almost-Hermitian manifold of dimension 2n. Namely, 
J is an almost complex structure on M and g is a Riemannian metric satis- 
fying 



for all tangent vectors X and Y. Write T^M for the (real) tangent space of 
M at a point p. In the following we will drop the subscript p. Denote the 
complexified tangent space by T'^M = T'^M^C. Extending g and J linearly 
to T'^M, we see that the complexified tangent space can be decomposed as 



where T'M and T"M are the eigenspaces of J corresponding to eigenvalues 



and respectively. T'M and T"M are complex vector spaces of 

dimension n, which inherit a Hermitian metric induced by g. Note that by 
extending J to forms, we can uniquely decompose m-forms into {p, g)-forms 
for each p,q with p + q = m. The real tangent bundle T^M can be identified 
with T'M in a natural way, by sending a vector Ak to A = "^(Ar — 

\/— UAk). This identification is an isomorphism of complex vector bundles, 
and an isometry. From now on we'll write g for the induced Hermitian metric 
on T'M, and dVg for its corresponding volume element. Choose a local 
unitary frame {ei, . . . , e„,} for T'M, and let {9^, . . . , 6"} be a dual coframe. 
Then we can write g = O'^W and dVg = {y/^)'^9'^ aW A - ■ ■ AO"- Ad^, where 
here, and henceforth, we are summing over repeated indices. 



giJX, JY)=g{X,Y) 



T^M = T'M © T"M, 
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Let V be an affine connection on T^M, which we extend hnearly to T^M. 
We say that V is an almost- Hermitian connection if 

VJ = Vg = 0. 

It is easy to see that such connections always exist on any almost-Hermitian 
manifold, and from now on we shall assume that V satisfies this condition. 
Observe that J(Vei) = ^/-lVei, and hence Ve^ G T'M {T^{M))*. Then 
locally there exists a matrix of complex valued 1-forms {Oj}, called the con- 
nection 1- forms, such that 

Ve, = 9le,. 

Applying V to g{ei,'ej) and using the condition Vg = we see that {01} 
satisfies the skew-Hermitian property 

Now define the torsion Q = (0^, . . . , 0") of V by 

(2.1) dO' = -6] A 6^ + <d\ for i = 1, . . . , n. 

Notice that the 0* are 2-forms. Equation (|2.ip is known as the first structure 
equation. Define the curvature = {f^j} of V by 

(2.2) d9i = -9iAe^ + ni. 

Note that {^^j} is a skew-Hermitian matrix of 2-forms. Equation (j2.2p is 
known as the second structure equation. We have the following lemma (see 
e.g. [Ga]). 

Lemma 2.1. There exists a unique almost-Hermitian connection V on (M, J, g) 
whose torsion has everywhere vanishing (1,1) part. 

We call such a connection the canonical connection. In Riemannian ge- 
ometry the torsion of a connection V is usually defined by 

(2.3) VxY = VyX + [X,Y]+t{X,Y). 

We'll show in Lemma 13.21 that in T'^M the following identity holds: 



(2.4) r = 2(0*ei + 0iej). 

Define functions and Ni- by 

(0^(2,0) ^ nj ^ Qk^ (e^)(0'2) = NiJ^ A 
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With M], = -Ml^ and Nl^ = -Nl.. Define R^^, K],, and K^^ by 

with K'-^f, = -K'jf,^ and K'.^j = -K^^^. The fact that {fij} is skew- 
Hermitian imphes that 



(2-5) Km = KI^, R]uI = Rk- 

If X, y are two (1,0) vectors, we define 



iM 



(2-6) B{X,Y)- ||^||2||y||2 

to be the bisectional curvature of the canonical connection in the directions 
X and Y, which is a real number. We define the first Ricci curvature, the 
second Ricci curvature and the scalar curvature of the canonical connection 
to be the tensors i?,^ = R^.,-„, R'-„ = iif and R = R.-r = R!,-r respectively. 

ikt kl kii kk kk ^ 

Applying the exterior derivative to the first structure equation, we obtain 
the first Bianchi identity, 

(2.7) dQ' = niA0^ -e'jAQ^. 

If we define M'-^ ^^, Mj;, _ by 

(2.8) dMj, + e^M^, - m;,9p - M^el = Mj,,/^ + Mj,,p^, 

and Ni-r and Ni-r_ by 

J k,P 3 k,p 

(2.9) dNir + eiNP - NiJ^, - NiJl = Niy ^P + iVi-_^, 

^ ' ]k P ]k pk J JP k ]k,p J k,p ' 

then the first Bianchi identity implies that (see e.g. |TWY] . section 2.3) 

(2-10) 2m;^nI- + ni^^^=k^,. 

We say that the bisectional curvature is bounded above by A if 

B{X,Y) < A 

holds for all X,Y & T'M. The first Ricci curvature is bounded below by a 
constant —Ai if 

Rf^jX^'X^y -Ai\\Xf 

holds for all X G T'M, and the same for the second Ricci curvature. The 
torsion is bounded by ^2 > if 

\\t{x,y)\\ < A2||x||||y|| 
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holds for all X,Y G T'M, and the (2, 0) part of the curvature is bounded by 
As if _ 

3. The canonical Laplacian 

In this section we study the Laplacian of the canonical connection, and 
relate it to the standard Laplacian of the Levi-Civita connection. Again, 
part of the exposition follows [TWYj . 

Let V be the canonical connection of {M,J,g), and u be a function on 
M. We define the canonical Laplacian A of ti by 

Au = Y, ((VVu)(ei,el) + (VVu)(eI, a)) . 

i 

This expression is independent of the choice of unitary frame. Another way 
to define An is as follows. Let {vi, . . . ,U2n} be a real local orthonormal 
frame for g and set 

2n 

Au= ^(VVn)(i/A,i^^). 
A=l 

Clearly this expression is independent of the choice of frame and coincides 
with the one above. Now define Uj and uj by 

(3.11) du = Ui9' + u-Fk 

Writing du and du for the (1,0) and (0,1) parts of du respectively we see 
that du = UiO^ and du = ujO^. Define Uj^, u-^, and u-^-^ by 

dm - UjOl = UikO^ + u.^6"= 

duj -u^ = u^,e' + uj-jK 
The following lemma is proved in [TWYj . 
Lemma 3.1. 

(3.12) An = 2^n,j 

i 

(3.13) = -2^((ia^x)(i'i)(e„e7) 

i 

(3.14) = 2^(d9n)(^'i)(ei,e7) 

i 

(3.15) = V^^((i(J(iu))(i'^)(ei,el), 
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where J acts on a 1-form a by {Ja){X) = a(J{X)) for a vector X . 

We now want to relate the canonical Laplacian to the standard Levi-Civita 
Laplacian. In general they are different, and their precise relation is given 
by the 

Lemma 3.2. The Laplacian of the Levi-Civita connection of g acting on a 
function u is equal to 

Au + 2M'jiUj + 2Mf.Uj. 

Proof. The Laplacian of the Levi-Civita connection applied to u is given by 
the trace of the map F : T^M T^M defined by 

F{X) = Vxigradgu) + r(grad^n,X), 

(see for example [KNj p. 282) where V is the canonical connection and r is 
its torsion, as defined in (j2.3p . To prove the lemma it's enough to show that 
(I2a holds. We verify this for X,Y e T'M first. Define functions X^, Xi, 
^* \-\\T 

pgi pq'' pq^ pq " 

(3.16) dX' + X^9i = X'pQP + X^W, 

(3.17) dx'p + x^ei - x'jOi = x'pgOi + x;^^, 

(3.18) dxi, + x^e} -x^, = + X^g^, 

and similarly for Y. Then we have 

VxY = XPVe,{Y'ei) = XP{ep,dY')ei + XPY\etep)ek 

= -X^Y'^iei, ep)e. + X^Y^Ci + X^Y^iOt ep)ek = X%*e.. 

Here and in the following (•,•) denotes the pairing between vectors and 1- 
forms. Moreover 

- {ei, x){e^, Y) + {9}, Y){e\ x) + 2&{x, y) = 2de\x, y) 
= x{e\Y)-Y{e\x)-{e\[x,Y]) 

= X^{e,,dY')-Y\ek,dX') - {e\[X,Y]) 

= -X^Y^{ei, Cj) + Y^X^{Q),ek) + X^Y^ - Y^Xl - {e\ [X, Y]) 

= -{ei,x){e\Y) + {e],Y){e^,x) + {e\VxY-VYX- [x, y] ) , 

which shows that the Ci component of r is 2G*. Similarly 

2W{X,Y) =2d¥{X,Y) = -{¥, [X,Y]) = {¥,VxY -VyX -[X,Y]), 
so that the ej component of r is 20*. 
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Now we take X e T'Af, Y £ T"M (the case when X,Y € T"M is the 
same as the one above). Then 



(3 20) ^""^ " XPVe,{Y'ei) = XP{ep,dYi)e-i + XPY'{9'^,ep)e^ 

= -XPY^iei, ep)e- + XPY^Ti + X^Y^ief, ep)ej: = XP^^, 

and similarly VyX = YPX^ei. Then 

{9}, Y){e\ X) + 2&{X, Y) = 2de\X, Y) = -Y{9\X) - {9\ [X, Y]) 

= -W{ej:, dX') - {9\ [X, Y]) = Wx^9},ej:) - F^Xl - {9\ [X, Y]) 

= {9] , Y) {9^ ,X) + {9\VxY- VyX - [X, Y]), 

which shows again that the component of r is 20*, and the verification of 
the ej component is analogous. □ 

A corollary of this is the following observation: if u achieves its infimum 
at a point x G M, then Au{x) > 0. We'll use this remark later. 

Along the same lines as in Lemma 13.21 it's easy to verify that the bisec- 
tional curvature satisfies 

^B{X, Y)\\Xf\\Yf = R{V, JV, JW, W), 

where R is the (real) Riemann curvature tensor of the canonical connection, 
and V = -^{X + X), W = ^{Y + Y) are two real tangent vectors. This 
quantity is in general different from 

R^^{V,JV,JW,W), 

where R^^ is the curvature of the Levi-Civita connection. This is usually 
referred to as the holomorphic bisectional curvature [Gr], but is not very 
natural on a general almost-Hermitian manifolds. In fact, it is not hard 
to see ([K]) that the bisectional curvature of the canonical connection of 
an almost-complex submanifold is always less than the one of the ambient 
space, but this fails in general for the Levi-Civita connection (see Proposi- 
tion 10.1 in [Grj ) . The two quantities obviously agree on a Kahler manifold. 



Let (M, J, g) and (M, J, g) be two almost-Hermitian manifolds of dimen- 
sions 2n and 2n respectively and let / : M ^ M be an almost- complex 
mapping, which means that 

J o f* = f*o J- 

We'll also say that / is (J, J)-holomorphic. Then we have the following 
invar iance property. 
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Lemma 3.3. For any function u on M we have 



f*d{Jdu) = d{Jd{uof)). 



Proof. If X is vector tangent to M then 



{f*Jdu,X) = (JduJ^X) = {du, {J o f^){X)) = (duJ^JX) 
= {d{uof),JX) = {Jd{uof),X), 
and taking the exterior derivative we get the conclusion. 



□ 



4. The Maximum Principle 

In this section we prove a version of Yau's generahzed maximum prin- 
ciple |Yal] for almost-Hermitian manifolds. The key tool is a Laplacian 
comparison theorem, whose analogue in Riemannian and Kahler geometry 
is standard [SY]. It was extended to Hermitian manifolds in |CY| and we'll 
show that it still holds in our more general setting. 

The first result is as follows: 

Theorem 4.1. Let {M,J,g) be a complete almost-Hermitian manifold with 
second Ricci curvature bounded below and with torsion and (2, 0) part of the 
curvature bounded. Let u be a nonnegative function that is not identically 
zero and satisfies 



This can be proved exactly in the same way as in |Ya2j . once we have the 
following: 

Proposition 4.1 (Maximum principle). Let {M,J,g) be a complete almost- 
Hermitian manifold with second Ricci curvature bounded below and with tor- 
sion and (2, 0) part of the curvature bounded. Let u be a real function that 
is bounded from below. Then given any e > there exists a point G M 
such that 



(4.21) Au > An^+" - Bu, 

where a,A>0. Then u is bounded above, B > 0, and 




liminf n(xp) = inf ti 
e^O ^ ^ M 



|Vn|(xe) < e, 
Au{xi;) > —e. 



The proof of this follows the one in [Yal] and relies on the 
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Theorem 4.2 (Laplacian comparison). Let (M,J,g) be a complete almost- 
Hermitian manifold with second Ricci curvature bounded below by —Ai, tor- 
sion bounded by A2 and (2,0) part of the curvature bounded by A3. Let p be 
the distance from a fixed point € M . Then at any point where p is smooth 
we have 

Ap<— + C, 
P 

where C depends only on ^i,^2;^3 oi'^-'i ihe dimension of M. Moreover this 
holds on the whole of M in the sense of distributions. 

Proof. Fix a point x £ M outside the cut locus of o, and a minimal unit- 
speed geodesic 7 : [0, p{x)] — > M from o to x. Let D C C he the unit disc, 
z be the coordinate on D and e = d/dz\z=o be the tangent vector at the 
origin. If f G T^M is small enough then Proposition 1.1 in [IRj (see also 
|NWj ) gives a J-holomorphic map F : L> — > M with F{0) = x and F*(e) = v, 
which depends smoothly on x and v. Now extend f to a section v{t) of T'M 
along 7, that is small enough and vanishes at 0. Using Theorem Al of |IRj 
and the compactness of the support of 7, we can extend F to a smooth family 
F( : L) — > M of J-holomorphic discs, with the properties that -^p(x) = 
Ft{0) = 7(t), Ft*{e) = v{t) and Fo{z) = 0. We'h write F{t,z) = Ft{z) so 
that we have a map F : [0, p{x)] x D — > M . Notice that we can also allow 
V = 7'(p(x)). The vector F^{d/dt) belongs to T^M C T^M, and so it can be 
written as T+T where T G T'M. Moreover the fact that Ft is J-holomorphic 
implies that the vector S = F^{d/dz) belongs to T'M. Notice that both T 
and S depend on (t,z) and that S'(t,0) = v{t), {T + T){t,0) = -f'{t). The 
map F that we just constructed should be thought of as a J-holomorphic 
variation of 7, and we are going to compute the second variation of the 
arclength. This is the function L : D defined by 



which is just the length of the curve t 1— > F(t,z), that goes from o to 
F{p{x), z), a point near x. Fixing for a moment {t,z), we can take a lo- 
cal unitary frame {e,} near F(t, z) and write T = T^Ci, S = S^ej. Then 



(4.22) 




di\\T\\) = d{TT')^ 



1 



{T^T'dP + T^T^eP + TT^QP + TT^QP) 



2\\T 



(4.23) 




{d\\ 



TIS) 
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and so [T,S] = [S,T]. Combining ([231), ([XTU|1 and i^?2U\i we get 

9'{[T,s]) = -e'iVgT) = -Wri 

because 0* has no (1, 1) component. But we also have 



e'([T,S]) = e\[S,T]) = -2Q\S,T) = -im^S^T'', 

and so 

(4.24) 5Pri = 2m-rS0Tk. 

By the same token, ^^([r, S]) = S] - S^T^ - 2M^.^J^ , but we also have 
that e\[T,S]) = e'{[S,T]) = -rJsi, and so 

(4.25) 5^r] = r^5j + T^Si - 2Mij,T^S^ = {O^V^^^S - t{T, S)). 

Also, [S,S] = F^{[d/dz,d/dz]) = implies SpSI^ = 0. Using this, we differ- 
ente (j4.23p once more and we get 



f)2 II T'T'SP + 2N1-T''S^T'' 



d TZirdF 



dzdz" " \ 2\\T 



(4.26) 



P ]k 



^ T^gT'SPSi + T;T^SPSi 



4||r|P 2\\T 



2Ni- T'S^T'^Si + 2Ni-TiS^T^Si + 2Ni-T''S^T^Si 

_l_ J k,q J fc g jfc 1 

2\\T\\ 

To deal with the term T^-^T^S^S^ we take the exterior derivative of (j3.16p 
and using (f3T7l) . (ISlHI) we get 

T^Vl) = Ti^ei A9P + T^-^W A9P + T^QP + T^^^^ A ^ + T^,^ + T^W, 

whose (1, 1) part gives T^^ = T^^ - T^R^-^^, and so 

(4.27) T^^Y'SPS^ = T^pPSPS^ - YYSPS^R}pg. 

The term T^^T^SPS'^ can now be computed as follows: 



= {d{S^TlTi - 2m^S^T^Ti), S) = SiTl^T^SP + SiT±TpP 



2mr SiT^T^SP - 2mrSiT^TiSP - 2m^S^T''T^SP , 

] k,p J k P J k P ' 



and using (j4.24p we get 



(4.28) TiT^SPSi = 2Nir S^T^T^SP + 2NirS^T^T'SP 

^ ' hP j k,p J k P 
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Combining (Ml) . Km . (fOHjl . i^Mj, <^M)i UMl, and we 

get 



a2 



dzdz 



\T\\ < 



-B{T,S)\\Tr\\Sr + Vy^^g- T(r,g))p + Kg%r(S,T))|- 

2||r|| 



+ 



2\\T\\ 



< 



-B{T, 5)||T||2||Sf + \\Vt_^_tS - t{T + T, S)f + {ISAj + 4A3)\\Sf\\T\\ 

2IITII 



All the terms on the right hand side are tensorial, and hence independent of 
the choice of unitary frame. Combining this with ()4.22p and setting z = 
we finally get 



(4.29) 



dzdz 



L{z) 



< \ r^\\v^,(t)v{t)+T{v{t),i{t))fdt 

=0 ^ Jo 



where C = 13^2 + . Notice that the right hand side is homogeneous 
of degree 2 in so it doesn't matter that we had picked v{t) small in 
the first place. Define G : D ^ M to be the J-holomorphic disc G{z) = 
F{p{x), z), originally called F, and notice that since 7 is minimizing we have 
L{z) > (p o G){z) and L(0) = (p o G)(0), hence 



(4.30) 



dzdz 



Liz) 



>jrj-{poG){z] 
=0 ozoz 



z=0 



But now Lemma 13.11 and Lemma 13.31 imply that 
yf^d{Jdp) 



(4.31) 



-ld{Jcd{p o G)){e,e) 
52 



dzdz 



= iP°G){z) 



z=0 



where Jc is the standard complex structure on C. 

Now we pick v to have unit length, and we choose v{t) to be of the form 
v{t) = f{t)w{t) where w{t) is the parallel transport with respect to V of v 
along 7, and f{t) > is a smooth increasing function that satisfies /(O) = 
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and f{p{x)) = 1. Then, using (14.290 and the fact that Vg = 0, we get 



d 



2 



-L(z] 



dzdz 

1 

+ 

(4.32) 



^ < I \\nt)w{t)+f{t)T{w{t),j'{t))fdt 

z=0 Z 







+ ^ l^'^'^^itfiC-Bi^'itlwrndt 



< 
- 2 



1 rpi^) 



{f'itf + 2A2f{t)fit) + Alfitf)dt 



Now we combine (|4.3U|) . (|4.31|) . (j4.32p and sum them up when v ranges in 
f 1, . . . , Vn, a unitary basis of T^M, and using Lemma ISTTl we get 

Apix) < 2 r'^'^ {nf{tf + 2nA2f{t)nt) + C'/W') di, 

JO 

where C = nC + Ai + nA^- Next, fohowing [CYj . we pick 

where a > 1 will be chosen presently. With this choice we can easily compute 
that 

Now we choose a, depending on such that the last two terms on the 

right hand side are equal. Thus 



(2a-l)p(x) 2a + r^ ^ V 4a2 _ i 

which is what we want. Finally to show that the inequality in the sense of 
distributions holds on the whole manifold we can just follow the argument 
in [SY], pag.7. □ 



Proof of Proposition \4-l\ Once we have established the Laplacian compari- 
son Theorem 14. 2| the proof is standard, but we include it for completeness. 
We'll use a trick due to Calabi |Ca] to avoid the cut locus of o. If the in- 
fimum of u is attained in the geodesic ball of radius 1 centered at a then 
there's nothing to prove, so that we may assume that p > 1. Then Theorem 
4.21 gives Ap < C for a uniform constant C. For any e > the function 
u + ep attains its infimum at a point S M. Let 7 be a minimal unit-speed 



SCHWARZ LEMMA 



15 



geodesic from o to x^, x be another point on 7 and denote by p the distance 
from X. Then for any x G M we have 

u{x) + ep{x) = u{x) + ep{x) — ep{x) + ep{x) > u{x) + ep{x) — ep{x), 

and taking the infimum over x we get 

ir^f('u + ep) > u{xe) + £p{xe) — £p{x) = u(xe) + ep{xe)- 

Hence the function u + ep also attains its infimum at Xs. But we can now 
choose X outside the cut locus of x^, so that p is smooth at Xs, and using 
the remark after Lemma 13.21 we get 

\Vu\{xe) = e\Vp\{xe) = e, 

Au{xs) > -eAp > -eC. 
Finally we check that \mim.if,^Qu{xe) = infi/u. If not, there exist x G M 
and 5 > Q such that n(x) < u{xir) — S for all e small. We still have 

u(x) + ep(x) > n(xe) + ep{xe). 

If p{xe) is bounded then we can take a convergent subsequence of points and 
letting e ^ we get a contradiction. If ^(xg) is unbounded, we take e small 
so that p{xe) > p{x) and get 

u{xs) + ep{xe) < u{x) + ep{x) < u{xe) - 5 + ep{xs), 

which again is absurd. □ 

Proof of Theorem \4-i\ Now that we have Proposition 14.11 the argument is 
exactly the same as in |Ya2| so we'll just sketch it. One defines a function 

V = [u + C) 2 J 

where c > is fixed. Since v is bounded below we can apply Proposition STT] 
and for any e > we get a point x^ S M where we have 

^^i+a _Bu<Au<-({u + c)^+ e^^iu + c)^+A e. 

a \ a J 

If supji-f u = +00 then we can let e ^ in the last inequality and get 
a contradiction. So sup^^ u < +00 and again letting e — > we get the 
conclusion. □ 

Remark 4.1 Instead of our Theorem 14.21 we could have used the standard 
Laplacian comparison, as in |Yalj . This gives a similar result for the Lapla- 
cian of the Levi-Civita connection, under the assumption that the Ricci 
curvature of the Levi-Civita connection is bounded below. Notice that to 
apply this to our situation we still need the assumption that the torsion 
be bounded, to compare the two Laplacians as in Lemma |3.2[ The reason 
why we chose not to do this is because in our main theorems we don't want 
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any assumption on the Levi-Civita connection, but only on the canonical 
connection. 

5. The Schwarz Lemma 

In this section we prove Theorems 11.11 and 11.21 Using Cartan's formalism 
of moving frames, and the canonical connection, we prove in (15.4ip a gener- 
alization of a formula due to Chern and Lu [Lu] in the integrable case. The 
Schwarz Lemma then follows at once from the maximum principle. Theorem 
14. 1[ The corresponding formula for the volume form is much easier, and 
already appears in |GH2] . 

Let (M, J, g) and (M, J, g) be two almost-Hermitian manifolds of dimen- 
sions 2n and 2h respectively and let / : M — > M be an almost-complex 
mapping. Let {e,} and {0*} be local unitary frames and coframes for g on 
M and let {cj} and {^*} be those for g on M. Let V and V be the canonical 
connections for {M,J,g) and {M,J,g) respectively. We will use 6j, 0*, fi*- 
and 9^, G", to denote the connection 1-forms, torsion and curvature for 

V and V respectively. Here we use roman letters i,j,k,... = 1,2, ... ,n for 
indices on M and greek letters a, f3, . . . = 1,2, ... ,h for indices on M. 
Since / is almost-complex, there exist functions af on M such that 

(5.33) /*r = afe\ 

Define a function uhy u = tig{f*g). Locally we can write u as 



From now on, we will often omit writing the pullback /*. Differentiating 
(|5.33p and using the first structure equations for V and V we obtain 

= da2 /\e'- afe) a 9^ + af& 

(5.34) = -a^9'^ A 9' + 9". 

Rearranging this gives 

(5.35) {daf + 9'^a^ - apj) A 0* = 6" - afQ\ 

Since the right hand side has no (1, 1) component, it follows that we can 
define functions a"^ by 

(5.36) da^ + 91a^-api = af,9^ 
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Now apply the exterior derivative to both sides of this equation, substitute 
from the structure equations and (15.36p . and cancel some terms to obtain 

which can be rewritten as 

(daf,-a^ei + air^-a%e{)Ae' 

(5.37) =a^n'^p-a'}ni-a^,e\ 
Define functions a"^^ and o"^-^ by 

(5.38) daf, - a%Q{ + a%Q% - a%Q\ = a^^fi' + af,/. 
Then taking the (1,1) part of ()5.37p we obtain 

(5.39) a\-fi^ a¥ = -a'^K A ^ + a"i?{ -.d'' A ¥. 
We now wish to calculate du. Using ()5.36p we have 

du=^a'^9'' + a^^, 
which means du = afa'^^^ 6''^, du = afafj^O^. Then 

ddu = afkcK ^0^+ Wdatk A 0^ + ^a'^kdO'' 

where we have used (|5.36p . (|5.38p and the first structure equation. Hence 

(5.40) {dduf'^') = -a'^kWfi'' a¥- <a^^^0^ A ¥. 
Substituting from (|5.39p we have 

(d5u)(i'i) = (-af,^ + ^afR;^-^al4 - W^JrQ A ¥. 
Then from Lemma l3. II we obtain 

(5.41) ^Au = \a^\' - <af a^^i?^^^ + ^a'^R[-. 

If the second Ricci curvature of g is bounded below by —Ki and the bisec- 
tional curvature of g is bounded above by —K2 < 0, then we get 

1 ^ 2 

—An > K2U — Kiu. 

Then Theorem 14.11 gives that 

trgj g = u< — , 
which proves Theorem 1 1 . 1 1 since f*g < ug. 
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Now assume that M and M have the same dimension 2n. Define a function 

_ detrff 
det g ' 

so that f*dVg = vdVg. Then / is non-degenerate precisely when v > and 
is totaUy degenerate when v = 0. Locahy v = where = det(af). A 
computation in section 3 of [GH2j (see also Lemma 3.2 in |TWYj ) gives 

^Av = vR- vR^-^afa'^. 

So if the scalar curvature of g is bounded below by —nKi and the first Ricci 
curvature of g is bounded above by —K2, with K2 > 0, then we get 

— At; > K2UV — nKiv > nK2V^^~ — riKiv, 

where we used the arithmetic-geometric mean inequality. Then Theorem 14. II 
gives that 




which proves Theorem ll.2l 



6. Product of almost-complex manifolds 

In this section we prove Theorem 11.31 We adapt the argument in |SZj to 
our case, using again local holomorphic discs instead of complex coordinates, 
and applying our Theorem 11.11 and Proposition 14. 1[ 

Suppose M = X X Y is the product of two almost-complex manifolds of 
(real) dimensions 2n and 2m respectively. Assume for a contradiction that 
M admits a complete almost-Hermitian metric g with torsion and (2, 0) part 
of the curvature bounded, and with bisectional curvature bounded between 
two negative constants, so that 

-Ci < B{V,W) < -C2 < 

holds for all V,W € T'M. Fix a point q ^ Y and pick F : D ^ Y a J- 
holomorphic disc with F{0) = q and F^:{e) 7^ 0. Here again C C is the 
unit disc and the existence of such a map is given by [iRj . Moreover, up 
to shrinking the disc, we can assume that the F is an immersion, so that 
the vector field V = F^{d/dz) € T'Y doesn't vanish on the image of F, and 
that T'Y can be trivialized in a neighborhood of the image. For each x ^ X 
define a map Gx : — > M by sending z to {x,F{z)). Each Gx is almost- 
complex with respect to the given almost-complex structures and moreover 
the map G : X x D ^ M given by G{x, z) = Gx{z) is also almost-complex. 
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Take t] G C^{D) to be a smooth nontrivial cutoff function, with < < 1, 
and define a smooth positive function / on M by 

f{x,y) = f{x) = I r]Glg. 

Jd 

Equip D with the Poincare metric qq, and apply Theorem II .11 to Gx to get 

Gig < -^go, 

which implies that / is bounded above. Now fix a point p = {xq, q) € M and 
pick {ei, . . . , en} a local frame on X around xq, and {cn+i, . . . , en+m} a local 
frame on Y around the image of F. Then, by abusing notation, we denote 
by {ei, . . . , en+m} the induced frame on M, which in general is not unitary. 
Then locally the Hermitian metric g on T'M can be written as gfj9'^®6i , and 

on the image of Gx, V is of the form V = V^ej, where n + l<j<n + m. 
Moreover we can assume that at p we have gfj = 6ij for 1 < i,j < n. Then 
we can write 



/ = ^ j^Wj-kV^V^dz A dz. 



Since / is constant along Y , we see that fj = /j = for n + 1 < j <n + m. 
Prom now on fix 1 < i < n, and notice that on X x D we have, by abusing 
notation, \ei,,d/dz\ =0. Hence 

= G*([e7,9/9z]) = [el,^], 

and so (j2.3|) gives = 0^{\ei, V]) = V-^ for all n + 1 < j < n + m. Hence 



-1 j rig.j:V^^Vkdz Adz, 



(6.42) 

fii = ^^Jfe {^f^ + ^i"^) dzAdz> j^r]g^^V^^dz A dz, 

where we have used that Vgf = 0. Now proceeding as in the derivation of 
(OTD . we get 

> C2g^T:V'V~'9a- 

Denote by h the almost-Hermitian metric on X obtained by restricting g 
to X X {q}. In [K] it is proved that the bisectional curvature of an almost- 
complex submanifold is always less than the one of the ambient space, and 
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SO the bisectional curvature of h is bounded above by — C2. The projection 
TTi : (M, g) (X, h) is almost-complex and Theorem 11.11 gives 

TTlh< Csg, 
where C3 = IZL+gl^. This implies that 
(6.44) g,j{x,q)<Csg,j{x,y) 
for any (x,y) near p. Combining (|6.42|) . (|6.43|) and (j6.44|) we get 

C 

h{x,y) > -^gfi{x,q)f{x,y), 

and so at p we get /^^ > af, where a = ^ > 0. Summing up and using 
Lemma [3.11 we get ^A/ > naf, and Proposition 14.11 applied to — / gives 
/ = 0, which is absurd. 
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